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Multimode Solution for the Reflection Properties
of an Open-Ended Rectangular Waveguide
Radiating into a Dielectric Half-Space:
The Forward and Inverse Problems
Karl J. Bois, Member, IEEE, Aaron D. Benally, and Reza Zoughi, Senior Member, IEEE

Abstract—Open-ended rectangular waveguides are extensively
used in nondestructive dielectric material evaluation. The dielectric properties of an infinite-half space of a material are
calculated from the measured reflection properties referenced to
the waveguide aperture. This calculation relies on a theoretical
and numerical derivation of the reflection coefficient likewise
referenced to the waveguide aperture. Most of these derivations
assume the dominant mode field distribution across the waveguide aperture. However, when dealing with low permittivity and
low loss dielectric materials, there may exist significant errors
when calculating the dielectric properties from the measured
reflection coefficient. These errors have also shown to be more
significant in the upper frequency portion of a waveguide band.
More accurate results are obtained when higher-order modes are
considered in addition to the dominant waveguide mode. However, most studies incorporating higher-order modes have used
various approximations when calculating the reflection properties
and have not provided a full discussion on the influences of
dielectric properties of the infinite-half space and the frequency
of operation. This paper gives a rigorous and exact formulation
in which the dominant mode and the evanescent higher-order
modes are used as basis functions to obtain the solution for
the reflection coefficient at the waveguide aperture. The analytic
formulation uses Fourier analysis in addition to the forcing of
the necessary boundary conditions at the waveguide aperture.
The solution also readily accounts for the complex contributions
of both TE and TM higher-order modes. Finally, the influences
of the dielectric properties of the infinite-half space and the
frequency of operation are investigated.
Index Terms—Dielectric constant, half-space, inverse problem,
modal solution, waveguide.

I. INTRODUCTION

I

N THE PAST few decades, open-ended rectangular waveguide sensors have proven to be versatile probes in numerous microwave and millimeter wave inspection applications.
Initially used as a probe to study the behavior of antennas
on space vehicles on reentry into earth’s atmosphere, they
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are now the workhorse of many nondestructive testing and
evaluation applications. These applications include dielectric
material property measurement and characterization [1]–[5],
thickness measurement of dielectric slabs and detection of
disbonds and delaminations in stratified dielectric composites
[6], [7], porosity level estimation in plastics and composites
[8], detection of hairline cracks in metal surfaces [9], characterization of concrete based materials [10], [11] and medical
applications [12]. Customarily, the reflection coefficient at the
aperture of the waveguide, , is measured or calculated as
a function of the operating frequency and the dielectric and
geometrical properties of the medium under test [6]. When
calculating , the relationship describing the coupling of the
fields launched from the waveguide aperture into the medium
under test must be found.
To this end, many studies have dealt with the special case
of radiation into an infinite half-space of a dielectric material.
This particular case was first studied employing variational
methods in which the field distribution at the aperture of
the waveguide is approximated to that of the dominant TE
mode in the waveguide [13], [14]. These derivations are
sufficiently accurate and computationally efficient for many
practical applications. However, when using these derivations
to recalculate the dielectric properties of a low permittivity and
low loss dielectric half-space from the measured , significant
errors may result which are also shown to be frequency
dependent [10]. Since previous publications dealing with the
reflection properties of an open-ended waveguide probe were
for the most part performed at a single frequency and for the
particular case of a half-space of air, this important behavior
has not been fully investigated. These errors are primarily
attributed to the exclusion of higher-order modes, present
at the waveguide aperture in the theoretical derivation of
. Consequently, the inclusion of higher-order modes for
these types of applications has been proposed by several
investigators [1], [2], [15]–[19], [21]. Although offering a more
rigorous solution to the problem, the contributions of both the
electric and magnetic hertzian potential (e.g., both TM and
TE higher-order modes or cross-polarization) have not always
been included in the theoretical formulations such as those
presented in [1], [2], and [15]. This provides for some degree
of calculation simplification and for some applications renders
acceptable results. In an attempt to include the influence of
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(a)

(b)

Fig. 1. Open-ended waveguide radiating into infinite half-space: (a) side view and (b) front view (not showing the ground plane).

higher-order modes, others have applied many different mathematical formulations attributed to different physical models
of their particular applications. These have included the variational methods [1], [2], [18], [19], integral formulations [3],
[15]–[17], [20], matrix correlation methods [21], [22] as well
as method of moments [23]–[24]. All of the studies that
have included both the TE and the TM higher-order modes,
except in [3], require some form of numerical or theoretical
approximation in order to solve for the unknown coefficients
that lead to the final solution for a given set of modes.
Most studies of open-ended waveguide probes have primarily dealt with its radiation properties into an infinite half-space
of free-space. Reference [3] gives a concise solution to the
reflection properties of an open-ended rectangular waveguide
radiating into an infinite half-space of a dielectric. However,
it provides for no discussions as to the reasons behind the
choice of higher-order modes that have been included in its
final solution. In addition, it does not discuss the influence
that the dielectric properties of the infinite half-space and
the frequency of operation have on the choice of higherorder modes. In [23], although not for the case of an infinite
half-space, only a limited number of higher-order modes
are used in the derivation without a clear indication as to
why they have been chosen (as a function of frequency and
the dielectric properties of the medium). In this paper, the
important issue of the choice of higher-order modes as a
function of frequency and the dielectric properties of the halfspace is fully addressed, particularly as it relates to the inverse
problem (i.e., recalculating the dielectric properties of the
half-space).
This paper gives a rigorous and exact formulation in which
the dominant mode and the evanescent higher-order modes are
used as basis functions to obtain the solution for the reflection
coefficient, , at the waveguide aperture. The analytic formulation uses Fourier analysis similar to that used in [20], in
addition to the forcing of the necessary boundary conditions at
the waveguide aperture. Reference [20] deals with the radiation
of a rectangular waveguide with a coated lossy flange into
free-space. However, the formulations outlined in this paper,

although similar to those in [20], are modified to account for
the problem of radiation of an open-ended waveguide into
a generally lossy dielectric half-space. The resulting solution
is simplified to produce a set of equations that requires
straightforward numerical evaluation. The solution also readily
accounts for the complex contributions of both TE and TM
higher-order modes. In this approach only a set of higherorder modes necessary to obtain convergence is included in the
formulation. The contribution of these higher-order modes will
be discussed as a function of the dielectric properties of the
infinite half-space, and the frequency of operation followed by
some measurements for comparison with other techniques (i.e.,
[18]). Since the main justification for this theoretical effort is
the inverse problem in which the dielectric properties of the
infinite half-space are recalculated using this formulation in
conjunction with the measured values of , a brief discussion
will be devoted to this topic as well.

II. INTEGRAL SOLUTION
The geometry of the problem is illustrated in Fig. 1 in which
an open-ended rectangular waveguide with its broad dimension
and narrow dimension
is mounted on an infinite ground
plane, and is radiating into an infinite half-space of a dielectric
material. The complex relative dielectric constant of the half. As mentioned earlier,
and
space is given by
are referred to as the relative permittivity and loss factor
, is the ratio
of the material, respectively. Loss tangent,
.
of the permittivity to loss factor
In the following derivations a harmonic time variation
is assumed in addition to the fact that
of the type
the waveguide walls are assumed to be perfect conductors.
Consider that the waveguide is operating in its dominant TE
mode, and that the incident fields inside the waveguide
and
are derived, using Maxwell’s equations [25], from the
given by
magnetic hertzian vector
(1)
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where is the unit vector in the -direction,
is
is the freethe free-space intrinsic impedance,
and
are the permittivity and
space wavenumber and
is the radial
permeability of free-space, respectively and
frequency. Also, the superscript designates fields incident on
the aperture, and superscript refers to constants and functions
associated with the magnetic potential vector. The reflected
and
, are derived from
fields inside the waveguide,
and
the electric and magnetic Hertzian vectors
as
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(10)
The total fields in the waveguide are defined as
. Specifying the Fourier transform as
(11)
and its inverse transform as
(12)

(2)
and by substituting (7) and (8) into (9) and (10) and taking
their Fourier transforms, we can solve for
(3)
(13)
where

(14)

and
and
are the sought for
unknown coefficients. Also, the superscript designates fields
reflected back from the aperture, and superscript refers to
constants and functions associated with the electric potential
and
)
vector. The fields in the dielectric half-space (
can be derived by the electric and magnetic Hertzian vectors
and
in the following form:

To obtain all of the unknowns, the magnetic boundary conditions at the waveguide aperture must be satisfied as well,
leading to

(4)

(15)

(5)

where
and
are unknown spectral functions in the
is the relative permeability of the
wavenumber domain and
medium. The half-space herein will be assumed nonmagnetic
). It should be noted that a branch cut is chosen
(i.e.,
and
so that
represent
such that
-direction since there
forward propagating waves in the
is no physical mechanism to produce backward propagating
waves in the dielectric half-space. It can be easily shown that
satisfies the wave equation
(6)
In all regions, the fields can be related to the Hertzian vector
by the following relationships:

and
. Using the orthogonality properties
where
of the basis functions (i.e., waveguide modes), we multiply
for the
both sides of (15) by
component and by
for the
component and integrate over the aperture. In this fashion the
following relationships are obtained:

(16)
for

, and

(7)
(8)
where

and
. At the waveguide aperture
, the following boundary conditions must be satisfied
(17)
elsewhere
(9)

for

and the rest of the
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variables in (16) and (17) are defined as

VALUES OF (m; n)

if
otherwise

OF

TABLE I
MODES IN NUMERICAL CALCULATION

(18)
(19)
(20)
(21)
(22)

Equations (19) through (22) can easily be solved for all cases
of and .
are readily obtained from (7)
The expressions for
and (8) using (13) and (14), and are given by

(28)

(29)
(23)
(24)
(30)
Substituting (23) and (24) and the expressions for
into (16) and (17), we obtain two linear sets of equations that
and
lead to the solution of the unknown coefficients
, given by

(25)
, and

where for

The modified expressions for (26)–(29) and considerations
for their numerical evaluation are presented in Appendix A
which result in a double integration over the aperture of the
waveguide (bounded integrals) containing simple trigonometric functions without singularities in the integrand. The choice
of basis function (higher-order modes) used in the solution
and
is then
are also discussed. The solution for
integrals
simply dependent on solving
and on the truncated linear set of equations. This truncation
does not constitute a numerical approximation but a limit to
which the contribution of any additional higher-order modes
becomes insignificant (i.e., convergence). Because of the even
and
geometry of the problem, only modes possessing odd
even indices will be coupled with the incident TE mode.
This behavior can be easily observed from the mathematical
integrals in Appendix A.
expression for
and TM
modes are coupled, it is
Also, since the TE
indices both
explicit in (25) and (26) that for given
modes must be included in the solution so that there is an
equal number of equations and unknowns. A more intuitive
explanation resides in the fact that since all the coupled modes
are degenerate (i.e., same cutoff frequency), they have an equal
likelihood of being generated and must be considered in the
solution.
III. NUMERICAL RESULTS

(26)
and where the

for
integrals are as

(27)

The study of the open-ended waveguide discontinuity and
its reflection properties theoretically involves an infinite expansion in (16) and (17). In this study, these equations will be
solved by considering a limited set of basis function (1, 6, 15,
and 20 waveguide modes) given in Table I. Unless otherwise
specified, the results are for an infinite-half space of freespace. It will be further shown that the use of 6 higher-order
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TABLE II
VALUES (Ai = 1)
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= 9:5 GHz

Fig. 2. Percent error for the magnitude of Ah
10 coefficient as a function of
the number of modes considered from Table I as a function of frequency.

modes is sufficient to achieve convergence. The following
numerical procedure was performed in the X-band frequency
range (8.2–12.4 GHz).
A. Convergence of

Coefficient

The solution for the reflection properties of the open-ended
waveguide, as previously established, is solely dependent on
the number of modes considered. The measurable parameter,
,
that is the reflected portion of the dominant TE mode
and for the different number of
is computed for
modes listed in Table I. The results obtained for the case of
20 modes is used as a reference for which final convergence
to the solution is assumed. Figs. 2 and 3 show the percent
coefficient for
error of the magnitude and phase of the
the case of one, six, and 15 modes with respect to the case of
20 modes as a function of frequency. The computation time
for such a procedure on a 133 MHz Pentium processor is
0.38, 8.35, 47.84, and 83.54 s, respectively. It is seen that
when using six or more modes, the difference with respect
to the final solution is less than 1%. Thus, for practical and
computational considerations, only six modes will be used
hereafter to calculate the reflection coefficient .
B. Calculation of the

Coefficients

To verify the results of this full wave integral formulation,
and
for 15 modes of the reflected fields
the values of
and compared to those obtained in
were calculated for
[20], as shown in Table II. Considering an incident TE mode,
the reflection coefficient is simply the computed value of
. The other terms correspond to the presence of evanescent
higher-order modes necessary to represent the complete field

Fig. 3. Percent error for the phase of Ah
10 coefficient as a function of the
number of modes considered from Table I as a function of frequency.

distribution at the aperture. The results shown in Table II
indicate a very good agreement between this exact solution
and that used in [20]. Although some slight discrepancies
exists, the present results are favored since they are computed
using closed form integrals as opposed to the truncated and
approximated integrals used in [20].
To interpret the order of importance of the contribution of
the higher-order modes, one must first understand the physical
mechanism under which they are created. The dominant mode
has obvious predominance since it constitutes the exciting
mode with
incident wave. This mode also generates TE
index because of the even geometry of the problem.
odd
The other higher-order mode components of the solution
are modal harmonics of the TM and TE modes. The
mechanism of the generation of the TM and TE modes
is consistent with the fringing of the fields in the -direction
subset and
outside the waveguide. It is also the lowest
therefore their amplitudes will be greater than that of the higher
and
).
harmonics (i.e.,
Because of the null field distribution of the TE mode at the
and
),
waveguide walls in the -direction (at
the change in the medium of propagation (i.e., bounded to
unbounded) does not present a significant discontinuity. On the
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Fig. 4. Normalized admittance as a function of frequency for one mode
(solid line), six modes (dashed), 15 modes (dotted), measured [18] (circles).

Fig. 5. Magnitude of reflection coefficient as a function of frequency for
one, six, and 15 modes.

other hand, the fields are constant in the -direction over the
vertical dimension of the waveguide right before the aperture
. Because of the boundary condition set by the
perfectly conducting flange, fringing of the fields will occur.
As shown in [26], in which the near-field patterns of the openended waveguide radiating into a dielectric half-space were
computed, the presence of side-lobes in this direction would
require the contribution of the TM mode to better represent
the fields at the aperture of the waveguide.
and the
C. Variation of the Aperture Admittance
as a Function of Frequency
Reflection Coefficient
for Different Number of Basis Functions
Fig. 4 shows the frequency dependence of the normalized
aperture admittance given by

Fig. 6. Phase of reflection coefficient as a function of frequency for one,
six, and 15 modes.

(31)
is the characteristic admittance of the
where
incident TE mode.
The results for 1, 6 and 15 modes are compared to the
measured values obtained in [18], and clearly good agreement
is obtained. It can be inferred by the convergence of the
that six modes are sufficient to adequately
solution for
represent the field distribution at the aperture. Also, it can be
seen that although there is a quasiconstant difference between
as a
the multimode and dominant mode solutions for
actually diverge.
function of frequency, the solutions for
Therefore, the contribution of the higher-order modes varies
as a function of the frequency of the exciting wave in a
) which is
given waveguide band (or as a function of
an important issue. Figs. 5 and 6 present the magnitude and
phase of the reflection coefficient as a function of frequency for
the three previous modal solutions, respectively. As discussed,
the contribution of the higher-order modes is shown to be
frequency dependent and is more prominent in the higher
portion of the operating frequency band.
To better illustrate the frequency dependence of the contribution of the higher-order modes, the magnitude of
coefficients are plotted in Fig. 7 as a function of frequency for

Fig. 7. Magnitude of higher-order modes for the case of free-space as a
function of frequency.

the six different modes shown in Table I. The increase in the
contribution of the higher-order modes is due to the fact that as
the frequency increases the waveguide operates at frequencies
that are increasingly closer to the cutoff frequencies of these
modes. In light of the results shown in Fig. 7, the significant
increase in the contribution of the TM mode leads us to
believe that the variational expressions used in [13] and [14]
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Fig. 8. Magnitude of reflected dominant TE10 mode at
a function of varying dielectric properties.

Fig. 9. Magnitude of reflected TM12 mode at
of varying dielectric properties.

f

f

= 12 4 GHz as
:

= 12:4 GHz as a function

breakdown as the frequency increases within the waveguide
operating frequency band. From a swept frequency dielectric
property measurement perspective, the discrepancy between
the dominant and multimode solutions translates into the
misinterpretation that the dielectric properties change as a
function of frequency (within the waveguide band) even
though they may be constant throughout the swept frequency
range.
as a Function of
D. Variation of the Reflection Coefficient
the Dielectric Properties of the Infinite Half-Space
Since the focal point of this study is to better characterize the
open-ended waveguide probe as a tool for nondestructive dielectric property measurements, the behavior of the multimode
solution of the aperture admittance and reflection properties
as a function of the relative permittivity and loss tangent of
the dielectric infinite half-space must be discussed as well.
coefficients were performed using
Calculations of the
(three, five, seven, and
six modes for different values of
(0.0, 0.1, 0.2, 0.3, 0.4, 0.5, and 1.0)
nine) and
at a frequency of 12.4 GHz where the influence of the higherorder modes is shown to be most pronounced (see Fig. 7).
Figs. 8–11 present the magnitude of the four most significant
modes as a function of . It is worth noting that the magnitude
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Fig. 10. Magnitude of reflected TE30 mode at
of varying dielectric properties.

f

= 12:4 GHz as a function

Fig. 11. Magnitude of reflected TE12 mode at
of varying dielectric properties.

f

= 12:4 GHz as a function

of reflection coefficient
increases for an increasing
but the contribution of the higher-order modes decreases as a
function of this parameter. This means that for a high enough
, the contribution of the higher-order modes to the amplitude
of the reflected portion of the dominant mode is quite minimal
so that the variational approximation may be sufficient to
adequately calculate . In this case, the fringing of the fields at
the aperture, which was previously identified as a mechanism
for the generation of higher-order modes, is minimized so that
the field distribution converges to that of the dominant TE
mode. This feature emphasizes that in previous studies such
as in [5], where the material under test possessed sufficiently
(i.e., rubber compounds), the obtained experimental
large
results would be similar to those obtained with the use of this
new exact multimode solution.
IV. INVERSE PROBLEM
In [11] and [12], dielectric property measurements of cement based materials (e.g., mortar which is composed of
water, cement powder and sand) using open-ended rectangular
waveguides were performed using the single mode approximation. In this instance it was assumed that when modeling
from ), only the
the forward problem (i.e., calculating
dominant TE mode was included in the solution. When
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Fig. 12. Calculated values of the complex dielectric constant of mortar at
X-band using one (solid line), six (dashed line), and 15 (dotted) waveguide
modes (the thin line indicates zero).

attempting the inverse problem (i.e., calculating from ), the
limitations of this model became apparent when the computed
imaginary part of the dielectric properties, , yielded positive
results in the higher portion of the waveguide frequency band
(see the solid line of Fig. 12). This result was obviously wrong
since it implied that the electromagnetic wave increased in
amplitude (and power) as it propagated in the lossy medium.
In the theoretical section, its was shown that using 6 waveguide
modes were sufficient (namely, TE , TE , TM , TE ,
TE and TM ) to adequately represent the fields at the
aperture of an open-ended rectangular waveguide radiating
into a dielectric infinite half-space. Using this new formulation,
the inversion scheme was repeated for the same set of data
used to produce the single mode solution of Fig. 12. To do so, a
multisecant [27] root-solving scheme was used in conjunction
with a convergence check. In addition, the calculations were
and TM
also repeated for 15 waveguide modes (TE
modes are enumerated in Table I) to verify the convergence
of the solution.
Using this scheme and the measured reflection coefficient,
the dielectric properties of mortar was calculated and presented
in Fig. 12. It can be seen that the measured values for the
are always negative and thus yielded physically
loss factor
meaningful results. Also, increasing the number of modes from
six to 15 did not significantly influence the outcome of the
final solution for . This would indicate that for measuring of
the dielectric constant of cementious materials, six waveguide
modes are sufficient. Finally, the results are much more
linear as a function of frequency using the higher-order mode
formulation. This behavior agrees with the modeling of the
versus frequency using a single pole linear
behavior of
system over a relatively narrow frequency band [28].

a procedure on a 133 MHz Pentium processor is about 8
s when using six modes and 48 s when using 15 modes.
The derivations of the said reflection properties are performed
through Fourier analysis with proper boundary matching and
include cross-polarization by incorporating both the electric
and magnetic Hertzian vector potentials. The only accuracy
dependant factor is the choice of the number of modes used in
the solution. It was shown that only six modes are necessary to
achieve accuracy to within 1% of the final solution (e.g., using
20 modes) for the magnitude and the phase of the reflection
coefficient. Since the practical implementation of the present
work lies in its inverse problem (i.e., retrieving the dielectric
properties of the half-space from the measured reflection
properties), which requires a numerical root-solving technique,
minimizing the number of required higher-order modes used
in the solution is therefore computationally advantageous.
It has also been shown that the contribution of the higherorder modes is frequency and dielectric property dependent.
This contribution is more pronounced in the higher portion
of the operating frequency range of a waveguide band and
for low permittivity and low loss materials. Because of this
behavior, variational methods that only include the influence
of the dominant mode may produce satisfactory reflection
property measurement results for a given range of frequencies
(in the lower portion of a waveguide band) and high enough
dielectric property values.
The new derivation was used for the inverse problem, in
which the dielectric constant of an infinite dielectric halfspace of mortar was calculated from reflection coefficient
measurement. The dielectric properties of a mortar specimen previously considered in [10] was recalculated using six
modes. It was shown that the inclusion of five higher-order
modes (TE , TM , TE , TE , and TM ) was sufficient
to adequately represent the fields at the aperture of an openended rectangular waveguide radiating into a dielectric infinite
half-space. Using the multimode solution yielded physically
meaningful results.
APPENDIX
REDUCED EXPRESSIONS FOR

INTEGRALS

The integrals are described as

(A1)

(A2)

V. CONCLUSION
A full wave formulation describing the behavior of the
reflection properties of an open-ended waveguide radiating
into a dielectric half-space is presented in this paper. The
theoretical formulation for the problem is simple, thorough and
non-approximate in which only a set of simple 2-D integrals
must be numerically computed. The computation time for such

(A3)

(A4)
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Each is in the form of

(A5)
Using Parseval’s theorem given as

(A6)
we can separate the integrand into two separate functions and
take their respective inverse Fourier transforms where
(A7)
(A8)
The final expression of (A8) is given in [13] as
(A9)
It should be noted that (A9) is an even function and that the
will be either an odd or even function with respect
and
axis depending on the choice of
to the
and . Due to the properties of the Fourier transforms, the
will possess the same
inverse Fourier transforms of
even and odd behaviors. Therefore, (A6) is zero whenever
is odd with respect to either the and axis. This
are even and or are odd.
is the case whenever or
This mathematically supports the physical hypothesis that
and even
indices will be
only modes possessing odd
coupled with the incident TE mode. This fact is not explicitly
described in most studies on the subject.
(inverse Fourier transforms)
The expressions for
can be easily computed and will not be derived in this paper.
is defined over the aperture
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area and zero elsewhere for all cases. Therefore

(A10)
This expression can easily be evaluated via a Gauss–Legendre
[24] quadrature method in this singular form since the function
is never evaluated at the singularity and the weight associated
are very
to the function evaluation at points close to
integrals can
small. The singularity in the
be easily removed by switching to polar coordinates although
this increases the computation time by twofold since the
integral has to be divided into two regions.
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